Using the theory of uniform distribution modulo one, it is shown that under certain conditions on the real-valued functions a(x) and g(x) on [0, 1],
[ft -1] h 2 [h a(yh)}m = (m + 1) l + 0(h1/3) as h -0+. 7=1
These results, which are, in fact, deduced from somewhat more general propositions, answer questions of Feldstein connected with discretization methods for differential equations.
In connection with algorithms for solving retarded ordinary differential equations by discretization methods, Feldstein [1] was led to search for conditions on the real- Since it is straightforward to check that for m > 0, g(x) = 1, and a(x) = x + a with a constant a =f= 0, the limit in (1) fails to exist, it is clear that some restrictions on the derivatives of a(x) are to be expected. Actually, the simple condition on the [A-
where the function q is defined by q(t) = }h~la(ht) + kht for 1 < t < [h"1]. Of course, q depends also on A, /", and k, but we suppress this dependence in the notation. We observe that q"(t) -jhd'(ht), so that q"(t) does not change sign and |i7"(i)l > \j\hA > 0. Therefore, by (3) and an inequality of van der Corput (see [ •y=l m + lJ0
Proof. Take f(x) = xm in Corollary 1.
In the special case where g(x) is constant, say g(x) = 1, slight improvements on the above results can be obtained. 
7=1
In all of the above results, the conditions on a(x) may be relaxed somewhat by assuming only that a"(x) exists for all but finitely many points in [0, 1], that 0 < A < |a"(jt)| < ß whenever ct"(x) exists, and that a"(x) changes sign at most finitely often in [0, 1] . This will only affect the estimation of (3), where one now splits up the sum into a fixed number of subsums in such a way that van der Corput's inequality can be.
